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Background

One can often better process image pixels by exploiting non-local correlations,
in addition to the classical local correlations of adjacent pixels. Most notably
this has been shown by Efros and Leung for texture synthesis [8] and by
Buades-Coll-Morel for denoising [4].
A ﬁrst suggestion of a nonlocal functional was proposed by Kindermann
et al in [12]. However, no nonlocal operators were suggested and it was very
hard to generalized these formulations and to relate them to local functionals.
In [9] and [10] Gilboa and Osher proposed a complete nonlocal framework
in the continuous setting, derived the basic nonlocal diﬀerential operators and
related them to the local setting and to spectral graph theory [7, 3].
More advances on this subject can be seen in [16, 14, 17, 11]. In these
notes we will focus on the paper of [10].

1.1

Nonlocal Means

In [4] Buades-Coll-Morel suggested the following nonlocal ﬁlter for image
denoising:
∫
1
2
N L(u)(x) =
e−da (u(x),u(y))/h u(y)dy
(1)
c(x) Ω
∫

where

Ga (t)|u(x + t) − u(y + t)|2 dt

da (u(x), u(y)) =

(2)

Ω

Ga is a Gaussian with standard deviation a, and c(x) is a normalization
factor:
∫
2
c(x) =
e−da (u(x),u(y))/h dy.
(3)
Ω

1

The corresponding discrete formulation is:
∑
N L(u)(i) =
α(i, j)u(j)
j

where
α(i, j) =

1 −∥u(Bi )−v(Bj )∥22,a /h2
e
c(i)

u(Bi ) = (u(k) : k ∈ Bi ), Bi is a small ball (patch, in general) around pixel i.

1.2

Graph Laplacian

We will see below that the operators can be related to similar ones on graphs,
and speciﬁcally to the well know graph Laplacian.
Let G = (V, E) be a connected undirected weighted graph with (a ﬁnite
set of) vertices (nodes) V and edges E. To each edge ekl ∈ E between nodes
k and l a corresponding weight wkl ∈ E is deﬁned. The weights are nonnegative and symmetric: wkl ≥ 0, wkl = wlk . We assume that a discrete
function u is deﬁned on the nodes of the graph and denote by u(k) ∈ V the
value of u at node k. The (weighted) graph Laplacian is
∑
wkl (u(l) − u(k)), k, l ∈ V,
(4)
∆G (u(k)) :=
l∈Nk

where l ∈ Nk is the set of nodes with edges connected to k. Note that we
deﬁne here the Laplacian with an opposite sign to the usual graph theoretic
deﬁnition so it will coincide with the continuous deﬁnition.
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2.1

A nonlocal mathematical framework
Basic operators

Let Ω ⊂ IRn , x ∈ Ω, u(x) a real function u : Ω → IR. We extend the notion
of derivatives to a nonlocal framework by the following deﬁnition:
∂y u(x) :=

u(y) − u(x)
,
˜ y)
d(x,

y, x ∈ Ω,

˜ y) ≤ ∞ is a positive measure deﬁned between points x and
where 0 < d(x,
y. To keep with standard notations related to graphs we deﬁne the weights
as
w(x, y) = d˜−2 (x, y).
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Thus 0 ≤ w(x, y) < ∞. The weights are symmetric, that is w(x, y) = w(y, x).
The nonlocal derivative can be written as
√
∂y u(x) := (u(y) − u(x)) w(x, y).
(5)
The nonlocal gradient ∇w u(x) : Ω → Ω × Ω is deﬁned as the vector of all
partial derivatives:
√
(∇w u)(x, y) := (u(y) − u(x)) w(x, y), x, y ∈ Ω.
(6)
Vectors are denoted as ⃗v = v(x, y) ∈ Ω × Ω. The standard L2 inner
product is used for functions
∫
u1 (x)u2 (x)dx.
⟨u1 , u2 ⟩ :=
Ω

For vectors we deﬁne a dot product
∫
(v⃗1 · v⃗2 )(x) :=
v1 (x, y)v2 (x, y)dy,
Ω

and an inner product
∫
⟨⃗v1 , ⃗v2 ⟩ := ⟨⃗v1 · ⃗v2 , 1⟩ =

v1 (x, y)v2 (x, y)dxdy.
Ω×Ω

The magnitude of a vector is
|⃗v |(x) :=

√

√∫
v⃗1 · v⃗1 =

v(x, y)2 dy.
Ω

With the above inner products the nonlocal divergence divw ⃗v (x) : Ω ×
Ω → Ω is deﬁned as the adjoint of the nonlocal gradient:
∫
√
(7)
(divw ⃗v )(x) := (v(x, y) − v(y, x)) w(x, y)dy.
Ω

The Laplacian can now be deﬁned by:
∫
1
∆w u(x) := divw (∇w u(x)) = (u(y) − u(x))w(x, y)dy.
2
Ω

(8)

Note that in order to get the standard Laplacian deﬁnition which relates to
the graph Laplacian we need a factor of 1/2.
3

2.2

Some properties

Most of the properties involving
a double integral
∫ can be shown by expanding
∫
1
an integral of the form Ω×Ω f (x, y)dxdy to 2 Ω×Ω (f (x, y) + f (y, x))dxdy,
changing the order of integration and using the fact that w(x, y) = w(y, x).
We give an example showing the adjoint relation
⟨∇w u, ⃗v ⟩ = ⟨u, − divw ⃗v ⟩,

(9)

√
∫
⟨∇w u, ⃗v ⟩ =
(u(y)
−
u(x))
w(x, y)v(x, y)dxdy
Ω×Ω
[
]
√
√
∫
= 21 Ω×Ω (u(y) − u(x)) w(x, y)v(x, y) + (u(x) − u(y)) w(y, x)v(y, x) dxdy
√
∫
= 21 Ω×Ω [u(y)(v(x, y) − v(y, x)) − u(x)(v(x, y) − v(y, x))] √w(x, y)dxdy
∫
= 12 Ω×Ω [u(x)(v(y,
x) − v(x, y)) − u(x)(v(x, y)
( ∫
) − v(y, x))] w(x, y)dxdy
√
∫
= Ω u(x) − Ω (v(x, y) − v(y, x)) w(x, y)dy dx.
“Divergence theorem”:
∫
divw ⃗v dx = 0.

(10)

Ω

The Laplacian is self adjoint
⟨∆w u, u⟩ = ⟨u, ∆w u⟩

(11)

⟨∆w u, u⟩ = −⟨∇w u, ∇w u⟩ ≤ 0.

(12)

and negative semideﬁnite

We can also formulate a nonlocal (mean) curvature:
(
)
∇w u
κw := divw |∇
w u|
)
(
∫
1
1
=
(u(y) − u(x))w(x, y) |∇w u|(x) + |∇w u|(y) dy,
Ω
√∫

where
|∇w u|(q) :=

(u(z) − u(q))2 w(q, z)dz.
Ω
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(13)

2.3

The Regularizing Functionals

Two types of regularizing nonlocal functionals are proposed. The ﬁrst type is
based on the nonlocal gradient. It is set within the mathematical framework
described above. The second type is based on diﬀerences, it appears to
be easier to implement, where the minimization can be accomplished using
graph cut techniques,
The gradient-based functional is
∫
2
J(u) = ∫Ω ϕ(|∇
∫ w u| )dx,
(14)
= Ω ϕ( Ω (u(y) − u(x))2 w(x, y)dy)dx,
√
where ϕ(s) is a positive function, convex in s with ϕ(0) = 0.
The diﬀerence-based functional is
∫
ϕ((u(y) − u(x))2 w(x, y))dydx.
(15)
Ja (u) =
Ω×Ω

The variation with respect to u (Euler-Lagrange) of (14) is
∫
∂u J(u) = −2 (u(y)−u(x))w(x, y)(ϕ′ (|∇w u|2 (x))+ϕ′ (|∇w u|2 (y)))dy, (16)
Ω
′

where ϕ (s) is the derivative of ϕ with respect to s. This can be written more
concisely as
(
)
∂u J(u) = −2 divw ∇w uϕ′ (|∇w u|2 (x)) .
The variation with respect to u of (15) is
∫
∂u Ja (u) = −4 (u(y) − u(x))w(x, y)ϕ′ ((u(y) − u(x))2 w(x, y))dy.

(17)

Ω

Note that for the quadratic case ϕ(s) = s the functionals (14) and (15)
coincide (and naturally so do Eqs. (16) and (17)).
2.3.1

Relation to isotropic and anisotropic local functionals

The functionals which can be written in the form of Eq. (14) correspond in
the local case to isotropic functionals (which have no preferred directionality).
The second category, Eq. (15), can be related to anisotropic functionals in the
local case. We suggest later two diﬀerent methods for eﬃciently computing
each category.
√
As an example, for total-variation, ϕ(s) = s, Eq. (14) becomes:
∫
∫ √∫
|∇w u|dx =

JN L−T V (u) =
Ω

(u(y) − u(x))2 w(x, y)dydx
Ω

Ω
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(18)

whereas Eq. (15) becomes
∫

√
|u(x) − u(y)| w(x, y)dydx

JN L−T V a (u) =

(19)

Ω×Ω

The above functionals correspond in the local two dimensional case to the
isotropic TV
∫ √
∫
|∇u|dx =
JT V (u) =
u2x1 + u2x2 dx
Ω

Ω

and to the anisotropic TV
∫
(|ux1 | + |ux2 |)dx.

JT V a (u) =
Ω

3

Basic Models

Classical PDE’s can have their nonlocal generalization:
Nonlocal diﬀusion:
ut (x) = ∆w u(x),

ut=0 = f (x),

(20)

where ∆w u(x) is the nonlocal Laplacian deﬁned in 8.
Nonlocal TV-ﬂow:
ut (x) = −∂JN L−T V (u(x)),

ut=0 = f (x),

(21)

where JN L−T V (u) is deﬁned in (18).
One can also deﬁne regularization models, based for instance on the NLTV.
Nonlocal ROF:
JN L−T V (u) + λ∥f − u∥2L2 .

(22)

Nonlocal TV-L1: Another very important model following [13] is the
extension of T V − L1 to a nonlocal version:
JN L−T V (u) + λ∥f − u∥L1 .

(23)

An interesting application of texture regularization can be shown using TvL1. It can both detect and remove anomalies or irregularities from images,
and speciﬁcally textures.
Nonlocal TV-G:
JN L−T V (u) + λ∥f − u∥N L−G .
6

(24)

where the G-norm is deﬁned below.
Inpainting:
Follows the local TV-inpainting model of [6]:
∫
JN L−T V (u) + λ(x)(f − u)2 dx,

(25)

Ω

with λ(x) = 0 in the inpainting region and λ(x) = c in the rest of the image.

4

Discrete Computations

4.1

Basic Discretization

Let ui denote the value of a pixel i in the image (1 ≤ i ≤ N ), wi,j is the
sparsely discrete version of w(x, y). We use the neighbors set notation j ∈ Ni
deﬁned as j ∈ Ni := {j : wi,j > 0}.
Let ∇wd be the discretization of ∇w :
√
∇wd (ui ) := (uj − ui ) wi,j ,

j ∈ Ni

(26)

Let divwd be the discretization of divw :
∑
√
divwd (pi,j ) :=
(pi,j − pj,i ) wi,j .

(27)

j∈Ni

∑
The discrete inner product for functions is < u, v >:=∑ i (ui vi ) and
for vectors we have the discretized
dot product (p · q)i := j (pi,j qi,j ) and
∑ ∑
inner product < p, q >:= i j (pi,j qi,j ). The vector magnitude is therefore
√∑
2
|p|i :=
j (pi,j ) .
weights discretization: The weights are descretized as follows: we take
a patch around a pixel i, compute the distances (da )i,j , a discretization of
da (x, y), Eq. (2), to all the patches in the search window and select the k
closest (with the lowest distance value). The number of neighbors k is an
integer proportional to the area γ. For each selected neighbor j we assign
the value 1 to wi,j and to wj,i . A maximum of up to m = 2k neighbors for
each pixel is allowed in our implementation. A reasonable setting is to take
5 × 5 pixel patches, a search window of size 21 × 21 and m = 10.
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4.2

Steepest Descent

In this convex framework, one can resort as usual to a steepest descent
method for computing the solutions. One initializes u at t = 0, e.g. with the
input image: u|t=0 = f , and evolves numerically the ﬂow:
ut = −∂u Jd − ∂u Hd (f, u),
where ∂u Jd is the discretized version of Eq. (16) or Eq. (17) and Hd (f, u)
is the discretized ﬁdelity term functional. As in the local case, here also
√ one
should introduce a regularized version of the total variation: ϕ(s) = s + ϵ2
(where s is the square gradient magnitude). Thus the E-L equations are well
deﬁned, also for a zero gradient.
4.2.1

Nonlocal ROF

Chambolle’s projection algorithm [5] for solving ROF [15] can be extended
to solve nonlocal ROF.
A minimizer for the discrete version of Eq. (22) can be computed by the
following iterations (ﬁxed point method):
pn+1
i,j

pni,j + τ (∇wd (divwd (pn ) − 2λf ))i,j
=
1 + τ |(∇wd (divwd (pn ) − 2λf ))i,j |

(28)

where p0 = 0, and the operators ∇wd and divwd are deﬁned in (26) and (27),
1
repectively. The solution is u = f − 2λ
divwd (p).
Theorem: The algorithm converges to the global minimizer as n → ∞
1
.
for any 0 < τ ≤ ∥ divwd
∥2
L2

For the proof see [10].
A bound on τ The bound on τ depends on the operator norm ∥ divwd ∥2
which is a function of the weights wi,j . As the weights are image dependent,
so is ∥ divwd ∥2 .
∑
Let m be the maximal number of neighbors of a pixel, m := maxi { j (sign(wi,j ))}.
1
If the weights are in the range 0 ≤ wi,j ≤ 1 ∀i, j, then for 0 < τ ≤ 4m
the
algorithm converges.
We need to show that ∥ divwd ∥2 ≤ 4m:
)2
∑ (∑
√
w
∥ divwd (p)∥2 = i
(p
−
p
)
i,j
i,j
j,i
j
) (∑
)
∑ (∑ 2
2
)
w
+
p
≤2 i
(p
j,i
j i,j
j i,j
(∑
)∑
∑ 2
≤ 4 maxi
j wi,j
i
j pi,j
2
≤ 4m∥p∥ .
8

4.2.2

Nonlocal TV-L1

To solve (23) we generalize the algorithm of [2]. We consider the problem:
{
}
1
2
inf JN L−T V (u) +
∥f − u − v∥L2 + λ∥v∥L1
(29)
u,v
2α
The parameter α is small so that we almost have f = u + v, thus (29) is
a very good approximation of (23). We can solve the discretized version of
(29) by iterating:
• v being ﬁxed (we have a nonlocal ROF problem), ﬁnd u using the
nonlocal Chambolle’s projection algorithm:
)
(
1
2
inf JN L−T V (u) +
∥f − u − v∥L2
u
2α
• u being ﬁxed, ﬁnd v which satisﬁes:
inf
v

1
∥f − u − v∥2L2 + λ∥v∥L1 .
2α

The solution for v is given by soft-thresholding f −u with αλ as the threshold,
denoted by STαλ (f − u), where

 q − β, q > β
0,
|q| ≤ β
(30)
STβ (q) :=

q + β, q < −β.
The algorithm converges to the global minimizer as n → ∞ for any
1
0 < τ ≤ ∥ divwd
.
∥2
L2

A similar extension to the iterative projection algorithm of [1] can be
made also to the nonlocal setting.
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